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Abstract—Localimage structure is widely used in theoriesof both machineand biologicalvision. Theform of the
differentialoperatorsdescribingthis structurefor space-invariantimageshas beenwell documented.Althoughspace-
variantcoordinatesare universallyused in mammalianvisualsystems,theform of the operatorsin the space-variant
coordinatesystem has received little attention.In this report we derive the form of the most commondl~erential
operatorsand surjace characten”sticsin the space-van’antdomainand show examplesof their use. The operators
includethe Laplacian,the gradientand the divergence,as well as thefundamentalforms of the imagetreatedas a
su~ace. We illustrate the use of these results by den’vingthe space-variantform of comer detection and image
enhancementalgorithms.The latter is shown to have interestingproperties in the complex log domain, implicitly
encodinga variablegrid-sizeintegrationof the underlyingPDE,allowingrapidenhancementof largescalepen”pheral
features whilepreservinghigh spatialfrequenciesin thefovea. O 1997ElsevierScienceLtd.

Keywords-Anisotropicdiffusion,Space-variantvision,Log-polar,Imageenhancement.

1. INTRODUCTION

Images can be characterizedin a numberof ways. For
example,onecan consideran imageas havingbeen gen-
erated by a random process. This allows the tools of
statisticalmechanicsandprobabilitytheoryto bebrought
tobearontheproblemsof imageanalysis(e.g.,Geman&
Geman, 1984;Cooper,Elliot,Cohen,Reiss& Symosek,
1981).An alternativeformulationis to view an image
deterrninistically,and rely on a geometricanalysisof its
properties.Typically,computationalconstraintsforcethe
analysisto be a local one which leads to the use of dif-
ferentialgeometryas an importanttool in machineand
biologicalvision. Within the deterministicframework
one can further subdividethe types of approaches.Per-
hapsthe mostcommonis to considerthe imageintensity
functionto be a discretesamplingof a scalarfieldovera
subsetof the real plane. This leads to the use of multi-
variable calculus and integral transform techniquesin
image processing.A somewhatdifferent viewpoint is
to regardthe imageas a surfaceembeddedin ‘3?3,leading
to the characterizationof surfacepatchesby quantities
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such as the coefficientsof the first fundamentalform
(Nitzberg & Shiota, 1992), the Gaussian curvature
(Deriche& Giraudon, 1993;Barth, Caelli & Zetzsche,
1993) and mean curvature (E1-Fallah& Ford, 1994).
Many other examplesof the use of differentialimage
structureby bothmachineandbiologicalvisionresearch-
erscanbe foundin the literature(e.g.,Koenderink,1984;
Koenderink& van Doom, 1990, 1994;Deriche et al.,
1992; Deriche & Giraudon, 1993; Florack, ter Haar,
Romeny, Koenderink & Viergever, 1992; Perona &
Mrdik,1987,1990;Beaudet,1978;Kitchen&Rosenfeld,
1982;Krueger& Phillips,1989).

Almostwithoutexceptiontheuseof differentialimage
characteristicsin machineandbiologicalvisionresearch
has been performedin the space-invariantor Cartesian
domain.However,it has been shown that the mapping
from the mammalianretina to striatecortex is a space-
variantone which can be well approximatedby a com-
plex log map (Schwartz, 1977, 1980, 1994). Despite
some notable advantages(dramaticpixel count reduc-
tion, quasi-sizeand rotation invariance), the complex
log map has not been widely used in the machine
vision community.In large part this has been due to
the lack of shape invarianceunder translation,which
severelycomplicatesobjectrecognition.This drawback
has recently been addressed (Bonmassar& Schwartz,
1994), allowing frequency domain techniques to be
appliedin the complexlog domain.
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816 B. Fischlet al.

In a similarmanner we wish to transforma class of
standardspacedomaincomputationalvisionalgorithms,
whichmakeuse of the differentialstructureof an image,
so that theymaybe usedin thecomplexlogdomain.The
geometryof an image is modifiedby the log mapping,
andthistransformationmustbe accountedforto properly
computegeometricinvariantsin the range of the map-
ping. In Section3 of this paper we treat the image as a
scalarfieldand the complexlog mappingas a changeof
coordinates,derivingthemetrictensorof the transforma-
tion, as well as the formof both the V and the V2opera-
tors in the space-variant coordinate system. The
modificationof theoperatorstakestheformofnegatively
weighted exponential which account for the varying
distancebetween pixels as the distancefrom the fovea
increases.The conformalnatureof the mappingensures
that the weightingis uniformin boththeradial andangu-
lar directions.In Section 3.1 we show that this is con-
ciselyexpressedby the metrictensorof the log domain,
whichprovidesa meansto calculateCartesiandistances
in the logplane.Examplesarepresentedwhichverifythe
form of the modifiedoperatorsand illustratetheir use.

In the latterpart of this paper we treat the imageas a
surfaceembeddedin ‘iR3,andderivethe first(Section4.1)
andsecond(Section4.2)fimdamentilformsof thesurface
(doCarmo, 1976) using a log-polar parameterization,
which leads to expressionsfor the Gaussianand mean
curvatureof imagesin termsof complexlogcoordinates.
Together,these results allowthe computationof differ-
ential image characteristicsdirectly in the log domain,
without referring to the original Cartesian image. In
terms of artificial vision systems this implies that all
calculationscan be performedon the much smallerlog
domainimage,yieldinga dramaticspeed increase.This
is illustratedby thetransformationofbotha comerdetec-
tion algorithm (Section 5.4), as well as an image
enhancementtechniquebased on anisotropicdiffusion
(Section 5.5.), for use directly in the log domain.The
comer detectionalgorithmwas chosenas it is a simple
but usefulapplicationof differentialgeometryto image
processing,and is hence a convenientexample of the
applicationof the types of resultsderivedin this paper.
The anisotropicdiffusionis used as an example,as the
form the nonlineardiffusionequationtakes in the log
domainis advantageouswhencomparedto the Cartesian
form.Specifically,thenon-uniformgridspacinginherent
in the log domain allows the diffusionequation to be
integratedwith time steps which are exponentialfunc-
tionsof retinaleccentricity,resultingin largescalestruc-
ture enhancement in relatively few time steps. For
biologicalvision,theseresultsspecifythe formthe com-
putationof differentialimage structuremust take if it is
used in mammaliancorticalsystems.

2. SPACE-VARIANTVISION

The mammalian retina is a space-variantsensor: the

spacingof sensoryneuronsacross the retinal surfaceis
not uniform.The densityof cells is greatestin the high
acuityfovea,and falls off with retinaleccentricity.This
allowsthe simultaneousachievementof high resolution
and a wide fieldof view withoutrequiringan enormous
numberof sensingelements.Thisanatomicalfeaturehas
clear perceptualcorrelates.Visualacuity in the fovea is
greater than in the periphe~ by at least a factor of 40
(Wertheim, 1894).This is the result of many factors
including the optics of the eye (Campbell & Green,
1965), photoreceptor sampling density (Williams &
Coletta, 1987),spatialaveragingdue to the size of per-
ipheralreceptivefields(Merigan& Katz, 1990),as well
as ganglioncelldensity(Wassle,Griinert,Rohrenbeck&
Boycott,1990).

The mappingfromthe retinato striatecortexhasbeen
shownto be well approximatedby a complex log map
(Schwartz, 1977, 1980).This discove~ has motivated
the use of the complexlog mappingin the construction
of space-variantsensors and algorithms for machine
vision systems (Rojer & Schwartz, 1990; Weiman,
1988;Sandini& Dario, 1989;Sandini,Bosero,Bontino
& Ceccherini,1989;Messner & Szu, 1986;Schenker,
Cande, Wong & Patterson, 1981; Bonmassar &
Schwartz,1994,1996,in press,submitted).The logmap-
ping expressesthe variationin cortical area devotedto
differentregionsof the retina.

2.1.Space-variantVisionin Biology

The investigationof the space-variantpropertiesof the
mammalianretino-corticalmapping dates back to the
early 1960s.In order to characterizethe transformation
of visualdata from retinalcoordinatesto primaryvisual
cortex Daniel and Whitteridge(Daniel & Whitteridge,
1961)introducedtheconceptof thecorticalmagnification
factor,MC,measuredinmillimetersofcortexperdegreeof
visual angle. The magnificationfactor is not constant
acrossthe retina,but rathervariesas a functionof eccen-
tricity.2Experimentally,the corticalmagnificationfactor
has beenfoundto be accuratelyapproximatedby

cl
Me(r)= —

1+ C2r
(2.1)

where r is the retinal eccentricitymeasuredin degrees,
and Cl and Cz are experimentallydeterminedconstants
relatedto the fovealmagnificationand the rate at which
magnificationfalls off with eccentricity.Integratingeqn
(2.1) yields a relationshipbetween retinal eccentricity
and corticaldistancep

J
r cl

p(r)= ,dr’ = ~log(l + C2r). (2.2)
01 + C2r

2For example,approximatelyhalfofprimaryvisuatcortexis con-
cernedwiththe central8°of the visualfield(Wassleet al., 1990).
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FIGURE1. Exampleof an image (left), and M complex log transformation(right), for varioua vaiuaa of the mapparameter8. Nota that
decraaeinga Incraaaasthe rapreaantationof the foveal regionin the log plene. Darkareae corr&tpondto ragi~a outaidathe domain of
the mapping.

Schwartz(Schwartz,1977,1980)haspointedout thatthe
cortical magnificationfactor should be considered a
vector quantityas opposedto a scalar one. The retino-
corticalmappingcan thenbe convenientlyandconcisely
expressed as a conformal transformation. In this
approach,a complex variablez is used to describethe
retinalcoordinates

~= reifl——.x+ iy. (2.3)

Polarcoordinatesare thenusedto replaceCartesianones
in the retina

‘=d===~”’(:) (2.4)

The corticalpoint (P(z),+(z)) can then be specifiedby a
singlecomplexvariablew as

w= p(z)+ i+(z)=Kiog(z + a), fte(z)20 (2.5)

where K is a scale factor determinedby cortical area,
which will be droppedin the followingdiscussion,and
a is a real positiveconstant,called the map parameter.
The value of a determinesthe size of the quasi-linear
region around z = O,and is generallybelievedto be in
the range 0.3–0.7° degrees (see Schwartz, 1994, for a
discussionof the significanceof K and a). The effect of
modifyinga on the mappingcanbe seenin the following
way (seeFigure 1).For smallz (i.e.,z < a), themapping
can be approximatedusinga seriesexpansionaroundthe
pointz = O:

w = log(a)+ ~. (2.6)

Thus,in the fovea,the mappingis essentiallylinear.The
magnitude of the derivativeof the mapping gives an
approximationto the corticalmagnificationfactor:

dw 1
z = z+a “

(2.7)

Whichis approximatelyconstantforz <<a. The complex
log transformationof eqn (2.5)thereforesmoothlyvaries
from a linear map in the fovea, to a logarithmicmap in
theperiphery,withthemagnitudeofa controllingthesize
of the regionof approximatelinearity.This is in contrast

with other techniqueswhich explicitlyoverlay a Car-
tesian fovea on a log image to obtain a similar effect
(Sandini& Dario, 1989;Sandiniet al., 1989).

Equation(2.5) is analyticeverywherein the domain
and is hence conformal,implyingthat local angles are
preserved by the transformation(Churchill& Brown,
1984).The singularityat the origin for the more com-
monlyusedcomplexlog mappingw = log(z)is removed
at the costof mappingthe two hemifieldsseparatelyand
managing a discontinuityalong the vertical meridian.
The full form of the mapping for both hemifields3is
givenby

{

log(z+ a) Re(z)>0
(2.8)

‘= Zlog(a) – log(–z+a)’ Re(z)< O”

Figure1showsan exampleof an image,and its complex
logtransformationfora varietyofvaluesofthemappara-
meter. Ascanbe seen,decreasingthevalueofa (moving
fromleft to right)increasesthe magnificationof the map,
correspondingto an increasedfovealrepresentation.The
originalimageon the left contains512 X 512 = 256K
pixels,as comparedto the imagesafter the complexlog
transformwhichcontain 14307 pixels,5000pixels,and
496pixels,respectively(seeRojer& Schwartz,1990,for
a completediscussionof thedetailsinvolvedin thedesign
of a complexlogtransformation).Thus,algorithmscanbe
expectedrunanorderofmagnitudeor twofasterin thelog
domainascomparedto theCartesianonein contemporary
machinevisionimplementations.4

3. SPACE-VARIANTMETRIC TENSOR AND
DIFFERENTIAL OPERATORS

In this sectionwe computethe metrictensorof the com-
plex log mapping,as well as the formof the V operator,

3The complex log transformationrequires a branch cut which
divides the complexplane along the imaginaryaxis. This division
was originallymotivatedby brainanatomy:the two hatf-pkmesin the
range of the mappingcorrespondto the primaryvisurdarea in each
hemisphereof the brain.

4Rojer and Schwartz(Rojer & Schwartz,1990)estimate that for
biologicalsystemsthe increasein speed can be up to four orders of
magnitude.

——
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which yieldsthe space-variantform of the gradient,the
divergence,as wellas the V2operatorin the newcoordi-
nate system.The metric tensorexpresseshow the stan-
dard Cartesianmetric inducesa metric in the complex
log domain.Usedin conjunctionwiththe conformalnat-
ure of the mapping, the metric tensor yields a simple
derivationof the formof the Voperatorin the log plane.

As noted in Section 2, the complex log coordinate
transformconsideredin this work is of the form:

w= Iog(z+ a), a G X, z, w = C,Re(z)z O. (3.1)

More explicitly,the log coordinates(@) are given in
termsof their Cartesiancounterparts(x,y)by:

p=@’(J==),+=@-’(&))(32)
The inverserelationsare:

x = d’COS~– a,y = &’sin~. (3.3)

The log mapping of eqn (3.2) as well as the inverse
mappinggivenby eqn (3.3)arebothanalyticeverywhere
in their respectivedomains, and are hence conformal.
Thishas a numberof interestingand usefulimplications.
First, the conformalnature of the mappingensuresthat
local angles are preserved(Churchill& Brown, 1984).
This in turn impliesthat the log-polarcoordinatebasisis
orthogonalwhen projected into Cartesian space. This
fact will be used to simplify the derivationof the log
domaingradientin Section3.2. Second,givenany con-
formal mapping w(z) = u(x,y)+ iv(x,y),the Cauchy–
Riemannequationscan be used to relate the directional
derivatives of the coordinate functions as follows
(Greenberg,1988):

au avau av
%= @ ~= z“ (3.4)

These relationshipsfollow directly from the path inde-
pendenceof the differentiabilityof w,andensurethatthe
metrictensorhas a simpleform, as willbe shownin the
next section.

3.1. MetricTensorof the ComplexLog Mapping

Ausefulwayto understandtheeffectsofthecomplexlog
transformationon the standardCartesianoperatorsis in
terms of the metric tensor of the complexlog domain.
The metric tensor expresseshow distancein log space
relates to distance in Cartesian space. Because the
coordinatetransformis space-variant,the metric tensor
is not constantas it is in the Cartesianplane,but rather
varies as a function of log coordinate.Formally, the
metric tensorT of a transformationz from a (p,r$)coor-
dinate systeminto an (x,y)coordinatesystem [such as
(3.3] is givenby

(3.5)

where the Ziarevectorswhoseelementsare the deriva-
tivesof the new coordinatefunctionswith respectto the
subscriptedvariable.The metric tensor is a multilineal
map which describeswhat happens to an infinitesimal
lengthelementunder the transformation.That is, given
a differentialvectordv = (alp,d@)in the (p,@)domain,
the metric tensorcan be used to calculatethe Cartesian
lengthof dv in the transformedcoordinates

(dv,dv)= dv~Tdv, (3.6)

wherethe componentsof Tin the log planecan be com-
putedfrom eqn (3.3):

The diagonalformof Tis notcoincidental,but is rathera
directconsequenceof the conformalnatureof the com-
plex logmapvia theCauchy–Riemannequations.In this
case,theCauchy–RiemannequationsinsurethatXP= y.
andX4 = – Y~.Given theserelationships>it is apparent
that the off diagonalterms in T must cancel, and that
therefore the metric tensor of any conformalmapping
hasthe formT= A C3ti(i.e.,diagonal,withequalelements
alongthe diagonal).

Examiningthe metrictensoryieldssomeinsightsinto
the geometryof the log planeunderthe inducedmetric.
Fromeqn(3.7)we can seethatasdistancefromthefovea
increases,the Cartesianlengthof a log domainvectorVI
is scaled by ep. Conversely,the length of a Cartesian
vectorVCmappedinto the log plane shrinksby a factor
of e–odue to the compressivelogarithmicnonlinearity.
Thisfacthas directimplicationsfor differentiationin the
log domainas will be shownin the next section.

3.2. Space-variantFormof Vf

A straightforward,althoughtediousway to computethe
space-variantformof the gradientis to usethe chainrule
to expressVfin the new (p,@)coordinatesystem:

“=(-+%)i+(%%+%%’38)
To completethe transformation,thepartialsP., d., Py @y

as well as the unit vectors i and j would have to be
calculatedin termsof the log coordinatesp and 4.

Insteadof takingthisapproach,weproceedas follows.
As notedin the introductionto this section,the conform-
ality of the log mapping implies that local angles are
preservedby the transformation.Thissimplifiesthe deri-
vationconsiderably.Specifically,it insuresthat the basis
vectorsof the (p,@)spacewhichare orthogonalin the log
domainare also orthogonalwhen projectedinto Carte-
sian space(see Figure2). Sincethe gradientis the com-
bination of the directional derivative in any two
orthogonaldirections,we are assured that the gradient
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in the log spaceis of the form

“=A(PW5’+%+‘3’)
wheretheA(p,t#)termaccountsforthevariationin length
a vectorexperiencesunderthe log mapping,and ePand
ed are an orthonormalbasis (in the inducedmetric)for
the log domain.Note that eqn (3.9) holds for any con-
formalmapping,with the specificsof the transformation
expressedin the coefficientfunctionA. Anotherway to
see that the gradientmust be of the form given in eqn
(3.9) is to observethat any iuhomogenousscalingof the
basisvectorswouldresultin theanglebetweenthegradi-
ent and the basis vectors being different in the two
spaces,which cannot be the case since the mappingis
conformal.Usingthechainrulewecomputethelengthof
aj/dxrelativeto afldp(or,equivalently,the lengthof aflax
relativeto dflao):

13f afax af
-#cosp =8 :

~ = G =
(3.10)

which,of course,is exactlywhat the metric tensorindi-
cates as well. This exponentialscalingis accountedfor
by the A(p,d) term. Normalizingthe vectorsin terms of
theinducedmetricgivesus au expressionforthegradient
in the space-variantdomain:5

‘f=e-p($ep+$e”)
(3.11)

From (3.11 it is apparentthat the Vhas the generalform
e–~(d/dPeP+ a/a@e+)whichallowsthe directcomputa-
tion of quantitiessuch as the divergenceand the curl in
the log plane.

5Notethatthisderivationdoesnotaccountforthevaryingsupportof
eachlogpixel.As one movesinto the peripheryof the logplane,each
logpixelis typicallygeneratedbyaveragingalargerregionof Cartesian
space,bothin themammalianretinaandinmachinevisionsystems.The
averagingis doneto avoidaliasingin theperiphery,andattenuateshigh
frequencyinformation,partiallyoffsettingtheneedforanegativeexpo-
nentirdweightingto accountfor varyingpixelseparation.

3.3. Space-variantFormof V+

The form of the divergenceof a vector field in the log
plane can be calculated in a straightforwardmanner
using the form of the V operator derived in the prior
section.To do so we will require the derivativesof the
log plane orthonormalbasis vectors eP and ed with
respectto the log coordinates.Like their polar counter-
pMW,e, and e+do not changein the radialdirectionand
hence both derivativeswith respect to p are zero. To
calculatethe change in the basis vector with respect to
the angular log coordinate we use the chain rule as
follows:

e,= COS@++ sinr+~, e+=cos@$– sim$~ (3.12a)

aeP a a ae+
—= cosp—– sin#~ = e~, —
a$ ay a$

= – sind~ – cos~t = – eP.
ay

(3.12b)

Giventheserelations,the divergenceof an arbitraryvec-
tor fieldwhosecomponentsexpressedin theorthonorrnal
log basis (eP,e@)are (f’#’) can be calculatedas:

‘“f=e-t%’++’)”’fpe’pe”’‘313)
Using(3.12bandthe orthonormalityof thebasisvectors,
the divergencesimplifiesto

V.f =e-p (f +.f$ + fp)

where as before the subscriptsindicatepartial
tiationwith respectto the subscriptedvariable.

3.4. Space-variantForm of the Laplacian

(3.14)

differen-

Giventhe divergenceandthe gradient,the calculationof
the space-variantform of the Laplacianis also straight-
forward.Usingthedivergencein the logdomainas given
by eqn (3.14) with the componentsof the vector field
being the components of the log domain gradient
~pe-’e, + ~+e-’e+)as specifiedby eqn (3.11) yields a
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simplederivationof the Laplacian:

(V2f= V.Vf= e-P (fPe-P)P + (f@e-P)++ fPe-p
)

(3.15a)

~v’f =f?-”(fppe-p- fpe-’+ f~~e-p+fpe-p)
=e-’p(fpp +f@@). (3.15b)

Note, that as was the case for the gradient,theLaplacian
is the sum of the second directionalderivativesin any
two orthogonaldirections.The conformalnature of the
mappingagain impliesthe preservationof angleswhich
in turn insuresthat the Laplacianis of the form B(p,+)
(f” +“fd

TheLaplacian,similarto thegradient,canbe obtained
by treatingthe logplaneas a Cartesianone,thenweight-
ingthe resultof calculatingthe standardLaplacianwitha
negativeexponentialin twice the radial coordinate.

3.5. Space-variantForm of Vxf

UsingVas a vectoroperatorwe nowcomputethecurlof
a vectorfieldwhosecomponentsin the orthonormallog
basis (ep,e+)areflfl:

‘xf=e-p(3~++4x@e”) ‘3”a)
JfPeP + Fe@) +eox e-p~(fpep + Pe@)= epX e ‘p —

(3.16b)

= ep X (e‘pf$eP+ e–P.f$e@)+ e+

(
X e–pf$ep + e‘Pf$e$ +e-pfped - e-pf’ep

)
(3.16c)

*vxf=e-p(f$-f$+P) (3.16d)

4. DIFFERENTIALGEOMETRY

In the prior sectionwe treatedan imageas a scalarfield
over a subsetof ‘X2.However,an alternateand equally
validapproachis to considerit as a surfaceembeddedin
‘iR3.In this formulationthe image is given by a set of
pointsS:

s={ (x,y,Z)lz– Z(X>y)= o) (4.1)

whereZ(x,y)is theintensityfunctionof theimage.Theset
S is said to be a regularsu~ace if it is locally diffeo-
morphicto ‘iR2(doCarmo,1976).Giventhisproperty,the
surfacecan be parameterizedby a set of mapsxi:Ui-
S,Ui C X’ (notethatbold faced symbolsdenotemapsin
thissection).EachXitakespointsin a neighborhoodUiof
912and maps them into points on the surface, thus
describinghow to constructS from pieces of the real

plane. Together, the maps xi cover the surface and
define a coordinate system on it. The significanceof
the xi is that they allow calculus to be applied to the
surfacethroughthemappings(assumingtheythemselves
are sufficientlysmooth). Symbolicallythe maps are
writtenas

Xi(U,V)= (X(U,V),Y(U,‘),Z(U,‘))> ‘,

V E Ui C M’,X,y,ZE ~3. (4.2)

A simpleand naturalparameterizationof an image sur-
face S is givenby:

X(u,v) = (u,v,Z(u, v)),u,v E m’. (4.3)

Aparameterizationof a surfaceis notnecessarilyunique.
A differentparameterizationcan be obtainedby defining
a mappingfroman openset U’ in the planeof somenew
parametersp – @tothedomainUofx in the u – v plane.
If the mappingis 1 – 1 and the determinantof the Jaco-
bianof thetransformationisnon-zeroin thedomain,then
the mappingis called an allowable parameter transfor-
mation (Lipschutz,1969,p. 157),andcanbe usedto pass
back and forthbetweenthe two domains.6The log map-
ping of (2.8 is an allowableparameterizationas

e2p#0= (4.4)

Thus, the parameter transformationu(p,@),u(P,+) is
allowable,and we can use it to parametrize the surface
in the followingway7(see Figure3):

x(u(p,4), v(p,4)) = e’cos+– a, epsino,
(4.5)

Z(epcos@– a,e’sim$),

log(a) s p s log(a +R~~), – ~ = @= ~, a >0

whereRmmis themaximumradiusin thevisualfield,a is
a real positiveconstant,and p and @are the coordinates
of the log-polardomain as defined in Section 2. In a
slight abuse of notation, in this section we will use
Z@,@)to denote the image in log coordinates,that is
Z(p,+)= Z(epcos@– a,epsino).

Just as a curvein $X3can be uniquelyspecifiedby two
local invariantproperties(thecurvatureand the torsion),
so too can a surfacebe uniquelydefinedby two local
invariantpropertiesknownas the first(o andthe second
(Zl) fundamentalforms. These propertiesare invariant
in the sense that they are functionsof the surface,and
not the parameterization(i.e., they are invariantundera

6The inverse of an allowable parameter transformationis also
allowable.

7To cover the surfacewe need a secondparametertransformation
u(P’@’),u@’#) Correspondingto Re(z) <0 in (2.8, whose dofin is
the left hernifield – 7r/2s 4 s u/2.
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FIGURE3. Graphicalrepresentationof the differentparameterizationaof the aame aurface S.

parameter transformation).The componentsof the first
and second fundamental forms are widely used in
computationalvision,and in this sectionwe will derive
the form they take in the log domain using the para-
metrization of (4.5.

4.1.The First FundamentalForm

The first fundamental form of differential geometry,
denotedZ, is used to computemetricpropertiesof a sur-
face S, such as length, area, and angle, and is closely
related to the metric tensor computedin Section3.1. Z
is a mappingwhichtakestangentvectorsin the planeof
the parametefizationto tangent vectorson the surface.
The surfacetangentvectorscan thenbe usedin the same
way as tangentvectorsin the plane, i.e., to computethe
angleof intersectionoftwocurves,integratedto yieldthe
lengthof a curve on the surface,etc. Formally,the first
fundamentalformZof a surfaceS at a pointp = (uo,VO),
given a parameterizationx, is a quadraticpositivedefi-
nite form definedon a vectorw = (du, dv) in the u – v
plane givenby:

[ 1[1E F du
ZP(W)= (w,W)P= [dudvl (4.6)

F G dv

whereE, F, and G, the coefficientsof the firstfundamen-
tal form, are functionsof p, and are the componentsof
the metric tensorof the surface:

E(uo,Vo)= (XU,XU)P,~(uo,VO) = t%>xv)p,G(uo,Vo)

=(XV,XV)P (4.7)

where the subscripts u and v indicate differentiation
with respect to the subscriptedvariable, and the imer
productsare evaluatedat the point p. The first funda-
mental form uses the metric tensorof the parametrizat-
ion to expresshow the standardCartesianmetricin %3
inducesa metric on the tangentplane of the surfaceat
each point.

We can obtainan expressionfor the firstfundamental
form using the Cartesianbasis and the parameterization

givenby eqn (4.3):

Xu= (1,O,zu), xv = (o, 1,ZV) (4.8a)

E(uo,Vo)= 1+1;, F(uo, V~)= IUZV,G(uo,V~)= 1+ Z;
(4.9a)

‘P(dudv)=[dudv::J[3 ‘49b)
Calculating the first fundamental form using the
log domain parameterizationis now straightforward.
We apply eqn (4.7) to the log domain para-
metrization given by eqn (4.5) at the point q =
(P040). TOdo SO,we must calculatethe firstderivatives
of the mapping.

x,= (e’cos4,epsinfP,ZP),x~= ( -e’sin@, #cos@,l@).
(4.10)

The coefficientsof Z in terms of the complex log vari-
ablesare then givenby

E(po,q50)=e2p+Ij,F(Po,40)=ZJ4, G(Po, @o) = e2p+1$.
(4.11)

Thenativelogdomainformof thefirstfundamentalform
is thus givenby:

‘=[d”do]r:1[:1
Fromeqn (4.12)it is clearthat for a constantsurfacethe
firstfundamentalformreducesto themetrictensorof the
coordinate transformationgiven in eqn (3.7), as one
wouldexpect.

Example: consider the upper hemisphere of the unit
spherecoveredby the parametrization

(X(U>v) = u,v,
)

/1 – U* – V2 ,(U*+V*) <1. (4.13)
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In Cartesiancoordinateswe have:

Xu= (1,0, – U(l – U*– V*)“-0’5),

~v=(Qwl-~2-v2)-0’5) (414)

l–v’
E= F= ‘v

1–U*
1– U*– v*’ 1– U*– v*

,G=
1– U*– v*”

(4.15)

The first fundamentalform can be used to calculatethe
lengthof a curvea(t) alongthe surfaceby integratingthe
squarerootofZof the tangentto thecurvealonga(t). For
example,the curve a(t) = (t,O)in the u —v planegives
rise to a curveon the spherewhoselengthis givenby

~(0)=fl~-dt=~~~~ ,416)

=tan-’(~(l-~2)-0’5) “

In termsof logcoordinates,thesameregionof the sphere
is parameterizedby:

X(P,0)= (epcos$– a,~sin$, &), d >0 (4.17)

wherewe havedefinedd = 1 – a’ – eb + 2aepcos4for
conciseness.We can now directlyapply (4.11 to calcu-
late the coefficientsof the firstfundamentalform in the
log plane:

E = e2p+ e2p(acosrj– ep)2
,F=

ae2p(acos$– d’)sin$
d d

9

G= e2p+-
a2e2psin42

d“
(4.18)

Using (3.2 we calculatethe form of C@ in log coordi-
nates to be a(t) = (log(t + a),O)which impliesa’(t) =
(dp,dr.$)= ((t+a)-l,O).The lengthof a(t)on the sphere
calculatedusingthe log parameterizationis then

S(a(t))=

T

M

(t+a)2t2

)

1
(t+a)z +

o 1–a’ – (t+a)2 +2a(t+a) (t+a)2

T

J/–
dt= “ -+-& (4.19)

whichservesbothas a checkthat (4.12is correctas well
as an exampleof the invarianceof Zunder a changeof
parameters.

4.2. The SecondFundamentalForm

The second fundamentalform of a surfaceis a second
orderquadraticform whichyieldsinformationaboutthe
localcharacteristicsof the surfacerelativeto the embed-
ding space$13.For example,the coefficientsof the sec-
ond fundamental form determine which side of its
tangentplane the surfacelies on in a neighborhoodof a

point, and thereforecan be used to classifythe point as
hyperbolic,parabolic,elliptic, or planar. Like the first
fundamentalform,it is invariantundera parametertrans-
formation.g Together, the first and second funda-
mental forms uniquely determine a surface up to a
rigid transformation.

The secondfundamentalform is definedin terms of
the differentialof the normalvectorfieldof the surface.
Givena regular surfaceS togetherwith a parameteriza-
tionx definedon U C ‘ill’,we canconstructa unitnormal
vectorfield9N to thesurfaceby takingthevectorproduct
of twolinearlyindependenttangentvectorsto the surface
at each point:

Xu A Xv

N(q)= IXu AX,I. (4.20)

The mapping N:S ~ S’ from the surface to the unit
sphereis called the Gaussmap of S. The differentialof
the Gauss map dN~measureshow rapidly the normal
vector N pulls away from N(q) in a neighborhoodof
the point q. When representedas a matrix in the basis
{x.7.} thedeterminantof dNgis the Gaussian curvature
K of S at q, andthenegativeof half the traceis knownas
themeancurvatureH of fi at q. The secondfundamental
form of S which takes a vector in TJ and returns a
measureof the curvaturein that directionis also defined
in terms of the differential of the Gauss map by
(doCarmo,1976,p. 141)

Zlq(w)= –(dN~(w),w). (4.21)

If w is a unit vector then the secondfundamentalform
gives the normalcurvatureof any curve parameterized
by arc lengthpassingthroughq tangentto w. The maxi-
mum and minimumcurvaturesat a point are denoted/cl
and k2 respectivelyand are knownas theprincipalcur-
vaturesof S at q.The correspondingdirectionsarecalled
principaldirections.The Gaussianand mean curvature
are given by the product and average of the principal
curvaturesrespectively.In the basis {xU~v)the second
fundamentalformis givenby

[ 1[ 1

e f du
ZZ~(du,dv)= [dudv] (4.21c)

f g dv

where the coefficientse,~, and g are10

e = (N,xUU)~,f = (N,x~~)q,g = (N,xvv)q. (4.22)

Usingtheabovedefinitions,we can computeN(q) for the
standardCartesianparameterizationgivenby (4.3 as

N(q)= ( –Zu,–Zv,1)

/1 +1; +1;“
(4.23)

8ffaparametertransformationreversestheorientationof thenormat
vectorfieldthenthe secondfundamentalformchangesits sign.

9Thechoiceof signfor the unitnorrnatis arbitrary.
10Someauthorsuse the notationL, M, N for the coefficientsof the

secondfundarnerrtatform.
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The coefficientsare then givenby

(4.24)

TheGaussiancurvatureKcan thenbecomputedfromthe
coefficientsof ZandZZas follows:

(4.30)

H=

K=
eg – f’ = 1..1..–1;, (4.25)

e2PZ@@+ Z~ZP+ Zb6Z~+ Z:–2141PIP4+ e2PIPP+ Z~ZOP

EG-F2 (l+z~+~;)’” 3
—.

Similarly,the mean curvatureHis

1eG–2fF + gE
H= -

2 EG – F’

(l+ Z;)ZW-2ZUZVZUV+(l+ Z;)ZUU (4.26)
=

3“

The sameprocedurecan now be used to calculatethese
quantitiesin the complexlog domain.Usingthepararne-
terizationof (4.5we obtainan expressionfor the surface
normalin log-polarcoordinates:

XpAX+

‘(q)= [xPAxol

(Z4sin@-ZPcos@,-Z+coscj -ZPsin@,e2P)
=

m“
(4.27)

The secondpartialsof the log domainpararneterization
are

xPP= (ePcos@,&sin@,ZPP) (4.28a)

XPO= ( – #sin@,#cos@,104) (4.28b)

Xti = ( -#cosq4 -#sin@,lw) (4.28c)

where we have assumedthings are sufficientlysmooth
suchthatall mixedpartialsare equal.The coefficientsof
the secondfundamentalformin the log domainare then
givenby

‘=(N’x””)’== (4.29a)

‘=(N’XP’)’=* (4.29b)

find+ – z.)
g= (Nxdq = m“ ““29C)

As before,we calculatethe Gaussianandmeancurvature
usingthe coefficientsof the firstand secondfundamental

2ep(e’” +Z$ +Z~) ~

(4.31)

For example, continuingour prior example, we again
considertheupperhemisphereof theunit spherecovered
by the parameterization

(X(u,v)= u,v,
)

il –U2– v’ ,(U2+ V’)< ]. (4.32)

Sincethecurvaturein anydirectionat everypointon the
sphereis given by l/r, it is clear that the principalcur-
vaturesare both equal to 1. This impliesthat the Gaus-
sianandmeancurvaturearealsounity.Verifyingthisis a
straightforwardcomputation.In Cartesian coordinates
we have:

~ = (v’-l) Iuv=
—Uv

Uu 3’ 39

(1-u’ -v’) 7! (1-u’ -v’) 2

~ - (u’-l)
w— 3“ (4.33)

(1-u’ -v’) 2
The coefficientsof the secondfundamentalform [(4.24]
are then givenby

v’ —1
f=

—Uv u’ —1
e = 1– u’ – v“ 1– U*– v“ ‘= 1– u’ – v’”

(4.34)

Computingthe Gaussianand mean curvaturesfrom the
coefficientswe obtain

K
eg-f’ (l-u’ -v’)-’=l

‘EG-F2= (~-u2-v’)-1 f
(4.35)

H= ~eG–2fF + gE = ~
2 EG – F’ ‘

As noted previously,the same region of the sphere is
parameterizedin termsof log coordinatesby

x(u(p,+), V(P,4)) = (e+cosd.J– a,eOsin@,&),d> O

(4.36)

where as before, d = 1 – a’ – e’p + 2aepcos4 for
conciseness.The first and second order partials of the
intensity function with respect to the log coordinates
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are givenby

Z,= & (aces@– &’)d- 0“5,10= ( – a&sin@)d-0”5

(4.37a)

–3
Zpp=eP(acos@–eP)d-0’5– e2P(acosr$– eP)2d 2

—e2pd –0,5 (4.37b)

–3

Z44=(–aePcos@)d-0”5– (ad’sinr$)zd 2 (4.37C)

–3
Zp@=(aepsin@)(a2–1– ad’cosf$)d 2 . (4.37d)

We now apply(4.30 to calculatethe Gaussiancurvature
directlyin the log domain

K=

whichillustratesthe invarianceof theGaussiancurvature
under a changeof parameters.

5. RESULTS

In this section we present a few examplesto illustrate
how resultsderivedin the prior sectionscan be used to
modifya varietyof imageprocessingalgorithmsto run
directlyin the log domain.In the first two parts of this
sectionwe illustratetheuseof thegradientandLaplacian
in the log plane on simplesyntheticimages,and verify
the resultsanalytically.In Section5.3 we use the metric
tensorof the mappingto convertbetweendegreesof the
visual fieldand millimetersof primaryvisualcortex.In
Section5.4 we modify a more sophisticatedalgorithm,
the comer detectiontechniqueof Dericheand Giraudon

inputimage

(Deriche & Giraudon, 1993), for use directly in the
space-variantcoordinatesystem.Finally,in Section5.5
we derive a numerical implementationof anisotropic
diffusion(Perona& Malik, 1987, 1990)for multiscale
imageenhancementin log coordinates.The form of the
simple numerical implementationin the log plane is
shownto be equivalentto a sophisticatedvariablegrid-
size integrationof the underlyingPDE, and may have
implicationsfor the possibleneurophysiologicalcorre-
latesof perceptualfilling-inin primaryvisualcortex.

5.1.GradientMagnitude

As anillustrationof thevalidityofeqn(3.11)forgradient
calculationin the log domain we construct an image
which is a ramp functionin the x coordinateZ(x,y)= x.
In Cartesianspace, the gradientof this image has con-
stantmagnitude(IVZI= 1).Figure4 depictstheimage,its
log transform,and the two methodsof gradientmagni-
tude calculation.The third image from the left is the
magnitudeof the gradienttreating the image as a Car-
tesianone.As can be seen,thegradientmagnitudevaries
acrossthe image,growingwith increasingradialcoordi-
nate.In contrast,theimageat the far rightis generatedby
using (3.11 to calculate the gradient magnitude.It is
approximatelyconstant as is appropriate.Analytically
this result is straightforward.Using (3.11 to calculate
the gradientin termsof complexlog coordinatesyields:

VZ(c+cos4–a, epsinr$)= V(&cos@– a)
(5.1)

Computingthemagnituderesultsin IVZI= COS24+ sin2A
4=1 as expected.

5.2. Laplacian

To illustratethe use of the modifiedLaplacianoperator,
we generatea Cartesianimage which yields a constant
valuewhen operatedon by V*.In polar coordinatesthe

logimage unmodifiedgradient modifiedgradient

x

P P P

FIGURE4. Exampleof an applicationof > for calculatingthe gradientmagnitudein the log plane. From left to right: input imagewith
lntenaityveluea ~x,y) = z log mapof the input Imege;gradientmagnltudacalculatedtreetlngthe imageplaneae Cartealan;endfarrlght:
gradient magnitudecalculated ualng (3.11.
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inputimage

x

logimage unmodifiedLaplacian

P P P

FIGURE5. Exampleof an applicationof > for calculatingthe LaplaclanIn the log plane. From left to right: input image with intenaity
valuea flx,y) = /; log map of the input Image; Leplaciancalculated treating the Image plane ea e Cartaeian;and far right: Laplaclan
calculetr&-uaing(3.15b.

intensityfunctionis givenby Z(r,6)= r2 where r is the
distancefromthe centerof the image(i.e., a paraboloid).
The Laplacianof this imageis givenby V“V(X2+ Y2)=
4. Figure5 showsthe resultsof applyingan unmodified
Laplacian (second image from the right) which yields
varying values across the image, and the modified
Laplacian (far right) of (3.15b which is appropriately
uniform.

As before,we can easilyverifythe resultanalytically
using (3.15b:

V2Z(&cosr#– a, &sin@)= V2(e2p+ a2– 2a&cos@)

=e-2P(4e2P)=4. (5.2)

5.3. MetricTensor:ConversionBetweenDegreesof
VisualField and Millimetersof Cortex

One use for the metrictensorof the coordinatetransfor-
mationis the conversionbetweendegreesof visualfield
and millimetersof mammalianprimary visual cortex.
This is useful in the contextof experimentswhichposit
a neural substrateof a visualpercept.The metric tensor
allowsconversionof distanceand velocityin the visual
field to the correspondingquantitiesin primary visual
cortex, permitting comparisonsof visual phenomena
with physiologicalestimatesof neuralconductionvelo-
cities. In that vein we will use the estimateby Chervin,
Pierce,and Connorsof the lateral signalvelocityin pri-
mary visual cortex of 0.06–0.09mds (Chervinet al.,
1988).

In order to compute the number of millimetersof
primary visual cortex that a neural signal must
transit in order to follow a given path in visual space
we must calculate the length of the path in Cartesian
space using the intrinsicmetric of the log domain (or,
more formally, the metric induced on Cartesian space
by the inverse log mapping). This involves inverting
the metric tensor of (3.7 and expressingit in Cartesian

coordinates:

‘-’=[(X+:‘5-3)
Given a parrtmeterizedcurve a(t) = (x(t),y(t))in Carte-
sian coordinates,the cortical length of the path cart be
writtenin termsof the metrictensoras follows:

S(cr(t))conex= J( [ 1)
: [x’(t)y’(t)]T-’ “(t) dt

y’(t)

T2

J i )

x’2+y’ 2 dt=
T, (x+ a)2+ y2

(5.4)

whereT1and T2arethe startingandendingeccentricities
respectively.To computethe length of a path in milli-
metersof primatecortex,we requirea reasonablevalue
for a, as well as reinstatingthe scalefactorK droppedin
Section2.1.Estimatesofthevalueofa varywidelyin the
literaturefrom as low as O.1°to as high as 4° (Schwartz,
1994;Van Essen, Newsome & Maunsell, 1984;Dow,
Vautin& Bauer, 1985;Tootell,Hamilton,Silverman&
Switkes,1988;Levi,Klein& Aitsebaomo,1985).Setting
a = 0.6°,K = 5 mmddegree(Rojer& Schwartz,1992)for
macaqueandK = 7 mddegree for human,ll and choos-
ing a path along the x axis given by a(t)= (t,O)which
resultsin a straightline in the rangeof the mapping,we
obtain

s(a(t,,.o.e.=Kfl:/(&)dt

= K(log(a+ T2)– log(a+ Tl)). (5.5)

11Humanprimaryvisualcortexhas abouttwoto threetimesthe area
ofa rhesusmonkey,andthereforeunitsofareaareseatedby2,andunits
of lengthby J2 (Schwartz,1980).
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Thus,a horizontalvisualpathfrom0°to 2.5°corresponds
to a corticallengthof approximately8.2mm. Sincepri-
mary visual cortex in the macaque is about 40 mm in
length,we findthat a path crossingthe central5° of the
visualfieldmaps to a corticalpath of about 16.4mm or
approximately41%of the totallengthof V1 in themaca-
que, in roughagreementwith the figurecitedby Wilson,
Levin, Maffei, Rovamo, and DeValois (Wilson et al.,
1990). Setting Tl = O and Tz = 4 yields 20 mm of
cortex devoted to the central 8°, as noted in Section
2.1. One pointto note in this contextis that the variance
in the estimatesof a and K introduceerrors in the esti-
matesof corticalvelocitieswhichare nonlinearlydepen-
denton eccentricity,and can be as muchas a factorof 5.

The firstexampleof the use of theseequationswillbe
taken from the physiologicalexperimentsof Tai Sing
Lee (Lee, 1995).In this research,monkeyswere shown
imagesof texturesquaresandstripswhilerecordingwere
taken from cells in primary visual cortex. Cells in VI
near the centeror medialaxisof the squareexperienced
a delayedenhancementin theirfiringrate,approximately
50–120ms slowerthan V1 responselatency.The stimu-
lus sizewas 4° X 4° with the monkeyinitiallyfoveating
thecenterof thestimulus,indicatingthata corresponding
neural signal laterally traversingprimary visual cortex
wouldhave an initialeccentricityof 2°, and wouldpro-
pagateinwardsto the centerof the fovea.Thus,

s(cx(t))COfieX= 5(log(0.6+ 2) – log(O.6))= 7.33mm.
(5.6)

Dividingby the measureddelay range yieldsa required
signalvelocityin the range0.06–0.15mmh.

Our second example comes from psychophysical
experiments performed by Paradiso and Nakayama
(Paradiso& Nakayama,1991).In an effort to probethe
temporalcharacteristicsof perceptualfilling-intheypre-
sented bright targets followedby a delayed mask, and
measured the longest delay at which the mask could
inhibit the perceptionof brightnessat the center of the
target.Using a least-squaresfit they estimatethe rate of
perceptualfilling-inas roughly110–1500/s.Paradisoand
Nakayama then translate this into cortical velocities
usingLevi’s(Leviet al., 1985)estimateof magnification
in humanprimaryvisualcortex,arrivingat corticalvelo-
city estimatesin the range 0.15–0.40rnm/ms.Paradiso
and Nakayama note that this computationignores the
possibility that speed may change with eccentricity
(Paradiso & Nakayama, 1991, p. 1233). Using eqn
(5.5) with the human estimate of K = 7 mm/degree,
togetherwith the data they presentin Figure5 (distance
betweentargetand maskversustime to half maximum),
we compute a required cortical conductionvelocityof
between0.015–0.064mrn/ms,well underthe maximum
velocitycited above.

5.4. CornerDetection

Deriche and Giraudon (Deriche & Giraudon, 1993)

outlinea sophisticatedtechniquefor detectingand accu-
rately localizingcomers using the determinantof the
Hessianof the intensityfunction(ZHZB– Z&)at a variety
of scales.The methodis basedon the observationthat a
comergivesrise to an elliptic(positivecurvature)maxi-
mumof thedeterminantof theHessianin alldirections12
which moves through scale space. They note that the
comerbisectorlinepassesthroughthe maximaat differ-
ent scalesaswellastheexactlocationofthecomer.They
constructthebisectorlineby findingellipticalmaximaat
two or morescales,then searchfor a zero crossingof the
Laplacianalongthe bisectorline, using it to specifythe
comer location.

We illustratethe transformationof this algorithminto
the log domainusinga syntheticsmoothedcomer at the
Cartesianorigingeneratedby

~(l+erf(%))(l+e’57)
where C is a real positiveconstantwhichmodulatesthe
degreeof smoothing,and e~is the standarderror func-
tion definedby

-J“’(X)=: ~e-t’dt. (5.8)

Usingeitherthe chainruleor the invarianceof the Gaus-
sian curvatureto a reparameterization,we can calculate
the determinantof the Hessianin the log planeas

– z; – Z++zp– z; + 21Jp@ – & + L#pp + IPZPP
DET =

‘4P

(5.9)

Choosingthe mapparametera to be l/(27r)we transform
the comer into the log plane, then computethe determi-
nant of the Hessiandirectlyin the space-variantdomain
using(5.9, as depictedin Figure6. The localmaximum
in the log domainHessianfor C = 2 occursat (PI, 41) =
(0.5725,0.7219)which,usingthe inversetransformation
of (3.3,mapsto (1.171,1.171)in Cartesiancoordinates.
Repeatingthe procedureusing C = 8 yields (P2,4*) =
(1.234, 0.753) which correspondsto (x,y) = (2.343,
2.343).Togetherthesetwopointsdefinethecomerbisec-
tor lineon whichthe actualcomerpointis constrainedto
lie.Transformingy = mx+ b into logcoordinatesyields
the equationfor a log line:

( ma-b
P(4)=1%

)
(5.10)

mcos~– sind “

Next, the coordinatesof the maximaof the Hessian(PI,
41), (P*,4*)me usedto solvefor the slopead intercept>
obtainingb = O,m = 1,which specifiesthe properCar-
tesianbisectorline.Finally,we searchthe loglineP(+)=
log(d(cos(t$) – sin(d))) for zero-crossingof the log

12mede~finmt~oftieHeSSi~andtheGaussianCUma-~WayS
havethesamesign.
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FIGURE6. Top row: corner (left) and the determinantof the Heeelan(right) in Cartesiancoordlnatee.Bottomrow: complex log trans-
formationof the corner (left), Lapleclanof the cornercomputeddirectly In the log domain(middle),and the determinantof the Heaelan
computeddirectly in the log plane. The actual corner location ie a zero of the log domain Laplaelenat (log(a), O).

domainLaplaciangivenby (3.15b,and findthat the zero
of the Laplacian occurs at (PC,#C)= (log(a),O)corre-
spondingto the Cartesian origin, which is the correct
comer location.

5.5. AnisotropicDiffusion

Another example of a sophisticatedimage processing
technique which can be modified to run in the log
planeis the anisotropicdiffusionfor imageenhancement
proposedby Perona and Malik (Perona& Malik, 1987,
1990).They suggestedthat a nonlineardiffusionequa-
tion in which the value of the conductioncoefficientis
inverselyrelatedto the localgradientmagnitudecouldbe
used to enhanceedges while smoothingregions.Thus,
they treat image intensityas a conservedsubstanceand
allowit to diffuseovertimeby integratingthe following
nonlinearpartialdifferentialequation:

1,= V.(clvzl)vz) (5.11)

where It is the derivativeof the intensityfunctionwith
respect to time, the V operator is with respect to the
spatial coordinates,and the conductancecoefficientco
is a functionof the image intensitygradientmagnitude.

The Perona–Malik (5.11 is a nonlinear partial
differentialequationof a type which is difficultto ana-
lyze. It has been suggested(Nitzberg& Shiota, 1992)
that eqn (5.11)is unstablefor someparameterregimes,

although this is still a point of investigation(Perona,
Shiota & Malik, 1994). Furthermore, it can amplify
smallscalenoisewhichgivesrise to high gradientmag-
nitudes.Many variantsof the Peronaand Malik scheme
havebeenproposedto improveits sensitivityto noise,its
instability,and its equilibriumbehavior(Alvarez,Lions
& Morel,1992;Catte,Lions,Morel& Coil, 1992;Dang,
Olivier & Maitre, 1994;E1-Fallah& Ford, 1994;Eng-
quist, Lotstedt & Sjogreen, 1989; Inner & Neunzert,
1993; Li & Chen, 1994; Nitzberg & Shiota, 1992;
Nordstrom,1990;Osher& Rudin,1990;Pauwels,Proes-
mans, Gool, Moons& Oosterlinck,1993;Price, Wam-
bacq & Oosterlinck, 1990; Whitaker & Pizer, 1991;
Whitaker, 1993; Cromartie & Pizer, 1993; Kacur &
Mikula,1995;Malladi& Sethian,1995;Shah, 1996).

Using the space-variantforms of the gradient (eqn
(3.11)) and the divergence (eqn (3.14)) we can write
eqn (5.11)in log coordinatesas

It= V.(ce–~zPeP+ ce‘P14ed)= e-P(WJP

+ (ce ‘pZ@)++ ce ‘PZP)
(5.12a)

=e-’(e-’(cl,)ce clo+eop(cz~)$+ce +~~)’~~)

= e-2P((cZP)P+ (cz~)t) (5.12b)

wherethep, r#Jandtsubscriptsdenotepartialdifferentia-
tionwithrespectto the subscriptedvariable,andwehave

.—
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suppressedthe argumentsto co andZ()in the interestsof
conciseness. Using (5.12b and substitutingit into a
Taylor series expansionof Z around t= t.yields the
firstorder approximation

Z(to+ At) = Z(to)+ At(e ‘2’(cZp(to))p + (cz~(to))d).

(5.13)

Usinga discretelatticewithAp= Ac#I= 1,andconsider-
ing the central pixel (PO,+.), and its four connected
neighbors(PO,0–1), (PO,41), (P–1,40) and (P1,40)we
use a centered differenceapproximationof the deriva-
tives in eqn (5.13). Labeling these pixels with super-
scriptsO, N, W, E, S, respectively,we have

(C”(to)lko)),=
Cqto)z;(to) – Cw(tf))zy’(tl))

2
(5.14)

(Cog)+ ~ (cs(’o)I;(to)-cN(to)z$(to))
2

(5.15)

We use both backward and forward differences to
approximatethe partial derivativeswith respect to the
spatialvariablesso as to limit the domainof our numer-
ical implementationto the four nearestneighborsof the
centralpixel

z~(to)=zO(to)–zw(to),z;(to)=z~(to)–~(to), (5.16)

Z$(to)= ~(to) – ZN(tO),I;(to) = Is(to) – ~(~0)

Substituting(5.14(5.15(5.16into (5.13we arriveat

( ~‘tkci(to)))~(to +At)=~(to) 1–O 5e-2P

‘05e-2’At(zci(tO)zi(’0)) ‘5-17)
Equation(5.17)can equivalentlybe writtenas the corre-
lationof the imagewith a set of spaceand time varying
masks

Z(p,q5,to+At)= ~ ~ K;:@’,4’)Z(p+d,4+#,to)
P’ 4’

(5.18)

where the mask weightsare givenby

[

o cN(to) o

–‘PAt 2e2p
K::y= ~

2
Cw(to)

()]
~- Zci(’o) C’(tCl) .

i#O

o Cs(to) o
(5.19)

In two dimensionsthe two componentsof the spatial
gradient used in the computationof the conductance
function are calculated using a Sobel operator with a
negativeexponentialweightas specifiedby eqn (3.11).
At firstsighteqn(5.19)seemsproblematic.It impliesthat

diffusionfalls off exponentiallyin the periphery.This
makesperfect senseas diffusionis a randomwalk pro-
cess,andhenceitspropagationrate isproportionalto t’”.
This impliesthat it requiresexponentiallymore time to
diffuseacrossa peripheralpixel as comparedto a foveal
one. However,with the increasedpixel spacing in the
periphery comes increased numerical stability. An
upper bound on the allowablestable time step At can
be computedusing Fourier-vonNeumannstabilityana-
lysis. In Cartesianspace the numericalimplementation
will be stableif (Haberman,1987):

(5.20)

If we choosec to be in the range(0,1]andlet Ax= 1,we
then have At < = 0.25 (the lowerboundon c is neces-
smy given the ill-posednature of the backwardsheat
equation;Haberman, 1987,p. 74). In the complex log
plane the spatialgrid of eqn (5.20)is non-uniform.The
inter-pixeldistance is an exponentialfunction of the
radial coordinate,which implies that the stabilitycon-
straint for an allowable time step in the log domain
becomes

(5.21)

Equation(5.21)has importantimplications.It suggests
thatthenonlinearPDEeqn (5.11)canbe integratedusing
exponentiallylargetime stepsin the periphery,resulting
in large scale structureenhancementin relatively few
iterations.That is, we assume that t is approximately
constantfor a pixel and its four nearestneighbors,and
allowthe integrationto proceedat differentrates across
the logdomainimage.Of coursethis is at the costof fine
scale image structure,but since such details aren’t pre-
servedin the peripheryby the log mappingthis is not a
concern.Effectively,the space-varianttime step allows
differentregionsof the log plane to move throughscale
space at different rates-faster in the periphery and
slower in the foveal region. Figure 7 is an example
using the abovenumericalimplementationwith a con-
ductancefunctionof the form

Ivzl 2—(-)c(VZ)= e k (5.22)

wherek is a real constantwhichcontrolsthe relationship
betweenedgestrengthandamountof diffusion.Notethat
the log plane diffusionis accomplishedafter only five
iterations of the numerical technique, yet large scale
structuressuch as the edge of the licenseplate and the
boy’s cheek are significantlyenhancedin that time. To
achieve comparable enhancement in the Cartesian
domain requires between 50 and 100 iterations.Thus,
thecomplexlog mappingitselfprovidesone–twoorders
of magnitudecompression,while the exponentialdif-
fusion rates allowablein the peripheryof the log map
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FIGURE7. AnIsotropicdlffuslon(K=0.00075)In the Cartesiansnd logdomains.FromIsftto right:original images,diffusionin Csrtsslsn
domsin(50 iterations),oomplsxiog transformationof ths orlghtsiimages,and imagesaftsrfive iterationsof > dirsctiy in the log plane.

yield another order of magnitude speed increase by
reducingthe requirednumberof iterations.For example,
the pepper image in the bottom row contains 512 X
152= 262, 144pixels.Allowingthe Cartesianimage to
diffuse13for 50 iterationsrequiresalmost1400s to com-
plete on a Spare-10.The log mappedimage in the third
columnis made up of 64 X 106 = 6784pixels,a com-
pressionfactorof about40.The largescaleenhancement
seenin the imageat the lowerrightis achievedafteronly
fiveiterationsof the diffusionequationdirectlyin the log
domain,requiringa mere4s, a speedincreaseof a factor
of 350.GivencurrentDSParchitectures,thecomplexlog
mapping provides a means for performinganisotropic
diffusionfor imageenhancementin real time.

6. CONCLUSION

In a deterministicframework,imagesare frequentlytrea-
ted in one of two ways: either as a scalar field over a
subsetof !R2,or as a surfaceembeddedin ‘iR3.Theformer
approach leads to the use of the standard tools of

13me cm~im ~ffi~ion is Wtudly performedusing the conduc-

tance functionsuggestedby E1-Fallaband Ford(1994)as the Perona-
Malikschemecannothandlethetypesof noisepresentin theseimages.

multivariablecalculus and integral transformssuch as
Fourieranalysis.The latter formulationbringsthe tools
of differentialgeometryto bearon imageanalysis,yield-
ing invariant quantities such as the first and second
fundamentalforms. In this paper we have shown how
computationalvision algorithmscan be implemented
directly in the complex log domain using both
approaches.We have derived the form of the most
common differentialoperators, V and V2, which can
then be used in the crdculationof the gradient, curl,
divergenceor theLaplacianin the log plane.In addition,
we have viewed the space-variantimage as a surface
usinga differentparameterizationfromthe standardCar-
tesian one. This led to the developmentof the first and
second fundamentalforms in the log domain, which
yieldsboth the Gaussianand mean curvature.

Theseresultsspecifythe properway to calculatedif-
ferential image structurein space-variantimages, and
allow the modificationof a variety of powerfulimage
processingalgorithmsfor use in the log domain (e.g.,
Perona&Malik,1987;Nitzberg& Shiota,1992;Deriche
& Giraudon, 1993).From a computationalstandpoint,
the formof the V and V*operatoris particularlyappeal-
ing, as they can be calculatedusingexistingalgorithms
fortheCartesianLaplacianandVoperators,theresultsof
whichneed onlybe multipliedby a precalculatedset of

——.—. .... ... ... .——..
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weights.In addition,the form of the theseoperatorshas
implications for biological systems which employ a
space-variantmapping, and in fact the space-variant
formof Vhas appearedin a recentmodelof the superior
colliculus(Optican,1995).

The transformationof anisotropicdiffusionfor image
enhancementalsohasdesirablepropertiesin thelogplane,
resultingin a simplemethodforusinga space-varianttime
step to achieverapidlargescaleenhancementin the per-
ipherywhilepreservingtine detailsin the fovea.Finally,
froma biologicalstandpointanymodelof themammalian
visual systemwhich includesthe complexlog mapping
must also accountfor the geometricwarpingthe image
undergoesin passingto the newcoordinatesystem,using
techniquessuchas the oneswe haveoutlined.
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